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Abstract. Direct methods have been successfully used to
break the phase ambiguity intrinsic in single-wavelength
anomalous diffraction (SAD) as well as to improve phases
from the conventional phasing of multi-wavelength anom-
alous diffraction (MAD) of proteins.

In dealing with anomalous diffraction data from pro-
teins, the probability distribution of three-phase structure
invariants provides additional information, which can be
used to resolve the phase ambiguity intrinsic in single-wa-
velength anomalous diffraction (SAD) enabling solution of
the protein structure. Based on this, direct methods have
also been used in phasing multi-wavelength anomalous
diffraction (MAD) data leading to better result than that
from the conventional MAD phasing.

Introduction

Long before synchrotron radiation sources being com-
monly available in crystallography, the use of anomalous
diffraction in single-crystal structure analysis was initiated
by Ramachandran and Raman (1956) with single-wave-
length anomalous diffraction (SAD) and by Raman (1959)
with multi-wavelength (2-wavelength) anomalous diffrac-
tion (MAD). With MAD, it is some times difficult to
choose suitable wavelengths in the experiment or the sam-
ple is not stable for long exposure to X-rays. In contrast, a
SAD experiment does not have critical requirement on
choosing wavelength and it needs much shorter exposure
time. However SAD gives rise to the phase ambiguity ob-
structing solution of the structure. Ramachandran and Ra-
man (1956) proposed the use of heavy-atom method to
break the phase ambiguity. Fan (1965a, b) proposed the
use of direct methods instead. Karle (1966) reported a si-
milar method. Hazell (1970), Sikka (1973) Heinerman,
Krabbendam, Kroon and Spek (1978) tried to use direct
methods in some ways for the same purpose. Extensive
study on direct-method phasing of SAD data has been car-
ried out since the 1980’s. Hauptman (1982) and Giacovaz-
zo (1983) integrated direct methods with SAD data to
solve the phase problem for proteins. The method of Fan
(1965a, b) was generalised and incorporated with the treat-

ment of lack-of-closure error used in protein crystallogra-
phy and the Sim distribution from the partial-structure of
anomalous scatterers (Fan et al., 1984a, b; Fan and Gu,
1985). This method has been successfully tested with a
number of known proteins (Fan et al., 1990; Sha et al.,
1995; Zheng et al., 1996). It has been also applied to
solve an originally unknown protein, rusticyanine, with a
molecular weight of 16.8 kDa at 2.1 �A resolution (Harvey
et al., 1998; Liu et al., 1999). A Program OASIS (Hao
et al., 2000) based on the procedure of Fan et al. (1990) is
now available in the latest version of the CCP4 suite
(Collaborative Computational Project, Number 4, 1994)
for phasing SAD and SIR (single isomorphous replace-
ment) protein data. In a different context, the procedure of
Fan et al. (1990) has been combined with the conventional
MAD phasing leading to the procedure of Direct-method
aided MAD phasing (DMAD). Preliminary test has been
reported by Gu et al. (2001). Further test on a known pro-
tein showed that even with 2-wavelength data, the DMAD
procedure could lead to an evidently better result than that
from a 4-wavelength conventional MAD phasing.

Direct-method phasing of SAD data

The phase ambiguity

In the case of anomalous diffraction, we have

Fþ ¼ Fo þ F0 þ F00 ð1Þ
F�� ¼ Fo þ F0 � F00 ; ð2Þ

where Fþ and F� are structure factors of a Friedel pair,
F�* is the complex conjugate of F�, Fo is the structure
factor with all atoms in the unit cell scattering normally,
F0 is the real-part correction for the anomalous scatterers
and F00 the imaginary-part correction for the same set of
anomalous scatterers. Subtracting (2) from (1) we obtain

Fþ � F�� ¼ 2F00 : ð3Þ
The magnitudes of Fþ and F� can be measured from ex-
periment. They can then be used to derive the vector F00.
Equation (3) implies a triangle shown with solid lines in
Fig. 1. However, since we do not know the direction of
Fþ and F�, we have an alternative way to draw the trian-
gle as shown with dashed lines in Fig. 1. This leads to
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two possible solutions for the structure factor Fo, indicated
by a thick solid vector for the supposed true one and by a
dashed vector for the false one.

Define a median structure factor

F ¼ Fo þ F0 : ð4Þ
The magnitude of which is given approximately by

jFj ’ ðjFþj þ jF�jÞ=2 : ð5Þ
Corresponding to the two possible solutions of Fo, there
are two possible phases for F (see Fig. 2), i.e.

j ¼ j00 
 jDjj ; ð6Þ
where |Dj| can be calculated exactly by solving the trian-
gle in Fig. 2, giving

jDjj ¼ cos�1 jFþj2 � jF�j2

4jF jj F00j

 !�����
����� ð7Þ

or approximately as

jDjj ¼ cos�1 jFþj � jF�j
2jF00j

� �����
���� : ð8Þ

Equation (6) defines the phase ambiguity arising from sin-
gle-wavelength anomalous diffraction.

Strategy of breaking the phase ambiguity

Assuming a Gaussian distribution and notice that (see
Blundell and Johnson, 1976)

DF ¼ Fþ � F� ’ 2jF00j cos Dj ; ð8Þ

the bimodal phase distribution of a particular reflection
with reciprocal vector h in the SAD case can be expressed
as

PanomðjhÞ ¼ N exp ½�sðDF � 2jF00j cos DjhÞ
2� ; ð9Þ

where N is the normalising coefficient and s is related to
the variance. The distribution has two identical peaks sym-
metrically related to the vertical line at Dj ¼ 0 (see the
solid curve in Fig. 3). In order to break the phase ambigu-
ity, we should have some way to modify the distribution
so as the two peaks can be different to each other. Since
the substructure of the anomalous scatterers is assumed to
be known, it can be used to calculate the Sim distribution
(Sim, 1959)

PSimðjhÞ ¼ N 0 exp ð�x sin DjhÞ ; ð10Þ

where N0 is the normalising coefficient and x is related to
the magnitude of the structure factor of the whole unit cell
and that of the substructure of anomalous scatterers. Evi-
dently, at least in theory, the phase ambiguity can be re-
solved by multiplying formulas (9) and (10). This is actu-
ally the starting point of some practical phasing
procedures for dealing with SAD data. However, since the
Sim distribution is peaked at Dj ¼ �p=2, it always en-
hances the left peak of the bimodal distribution and could
never increase the relative height of the right (see Fig. 3).
On the other hand, according to the Cochran distribution
(Cochran, 1955), we have

PCochranðjhÞ ¼ N 00 exp
P
h

k cos ðjh � jh0 � jh�h0 Þ
� �

;

ð11Þ

where N00 is the normalising coefficient and k is related to
the magnitude of three-phase structure invariants involving
h, h0 and h � h0. Unlike the Sim distribution, Cochran’s
distribution can have a maximum anywhere from j ¼ 0 to
j ¼ 2p. Hence, as a starting point for breaking the phase
ambiguity of SAD data, the product of formulas (9), (10)
and (11) will be definitely superior to that involving only
formulas (9) and (10).
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Fig. 1. Two possible solutions for the structure factor Fo resulting
from single-wavelength anomalous diffraction. The true solution is
shown by a thick solid vector, while the false solution is denoted by
a dashed vector.
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Fig. 2. Phase ambiguity arising from single-wavelength anomalous
diffraction.
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Fig. 3. Bimodal distribution of the phase doublet from SAD (solid
line), Sim’s distribution (dotted line) and the Cochran distribution
(dashed line).



Direct-method phasing procedure

Based on the above consideration, direct-method formulas
have been derived for resolving the phase ambiguity in-
trinsic in SAD data (see Fan and Gu, 1985 and references
therein). The phasing procedure is summarised as follows.

(i) Phase doublets from SAD data are expressed as

jh ¼ jh 
 jDjhj : ð12Þ
(ii) The probability of Djh to be positive is predicted

by the following formula.

PþðDjhÞ

¼ 1

2
þ 1

2
tanh sin ðjDjhjÞ

P
H0

mh0mh�h0kh;h0
hn


 sin ðF0
3 þ Djh0; best þ Djh�h0; bestÞ þ c sin dh

oi
ð13Þ

(iii) The best phase and figure of merit of each reflec-
tion are than calculated as respectively

tan ðDjh bestÞ ¼ 2 Pþ � 1

2

� �
sin jDjhj



cos Djh

(14)
and

mh ¼ exp ð�s 2
h

�
2Þ 2 Pþ � 1

2

� �2

þ 1

2

" #(


ð1 � cos 2DjhÞ þ cos 2Djh

�1=2

: ð15Þ

(iv) A Fourier map is than calculated and improved by
a density-modification procedure.

The procedure has been tested with a number of
known proteins (Fan et al., 1990; Sha et al., 1995; Zheng
et al., 1996) and used to solve an originally unknown pro-
tein (Harvey et al., 1998; Liu et al., 1999). In all cases, a
comparison was made between the procedures with and
without direct methods. The result of the procedure with
direct methods is always the better.

Direct-method aided MAD phasing

A set of MAD data consists of several sets of SAD data at
different wavelengths. The conventional phasing of MAD
data is to combine the bimodal phase distribution of the
corresponding SAD data sets to give a unique phase indi-
cation for individual reflections. Since the anomalous scat-
tering effect is weak. the resultant phase indication is also
weak. Typically, for a protein of moderate size with dif-
fraction at 2 � 3 �A resolution, about one third of the total
reflections may have MAD phases with a figure of merit
less than 0.3. This explains why in some cases MAD
phases are not good enough to initiate a phase-improve-
ment procedure such as solvent flattening. On the other
hand, direct methods provide independent phase informa-
tion without requiring additional experimental data. It can
be use to improve phases from conventional MAD phas-
ing. The DMAD (Direct-method aided MAD phasing) pro-
cedure is designed for this purpose. The technique is

based on both the conventional MAD phasing and the di-
rect-method treatment of SAD data.

Phasing strategy

The flow chart of the DMAD procedure is shown in
Fig. 4. The main points are:

(i) The conventional MAD phasing is first applied to
a set of MAD data.

(ii) MAD phases with figures of merit larger than a
certain limit, say 0.95 are used as starting phases
in the direct method phasing.

(iii) The MAD data are divided into n sets of SAD
data

(iv) Direct methods are used to break the phase ambi-
guity of each set of SAD data based on the start-
ing phases from the conventional MAD phasing.

(v) Combine results from the n sets of SAD data.
(vi) Combine the combined SAD phases with the con-

ventional MAD phases.
The phase combination is performed according to the

following formulas.

jCombined ¼ tan�1

Pn
j¼1

ðmh sin jbestÞj
Pn
j¼1

ðmh cos jbestÞj

2
6664

3
7775 ; ð16Þ

ðmhÞCombined

¼

Pn
j¼1

ðmh sin jbestÞj

" #2

þ
Pn
j¼1

ðmh cos jbestÞj

" #2
8<
:

9=
;

1=2

n
;

ð17Þ
where n is the number of phase sets involved in the
combination. Such a combination can be regarded as a
reciprocal-space equivalent of calculating a sum function
of Fourier maps corresponding to n sets of phases.

Data and test results

Preliminary test of the DMAD procedure has been re-
ported by Gu et al. (2001). A further test with another
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Fig. 4. The flow chart of DMAD procedure.



known protein, the yeast Hsp40 protein Sis1 (Sha et al.,
2000; see Table 1 for a summary), is described below.

Reflections of the 4-wavelength data were first treated
by the conventional MAD procedure followed by density
modification with the program ‘dm’ in the CCP4 suite
(Collaborative Computational Project, Number 4, 1994).
Reflections from the subset of 2-wavelength data
(l = 0.9798�A and 0.9794 �A) were treated separately in the
same way. The two sets of results were sorted in descend-
ing order of F(obs) and cumulated into 9 groups as listed
in Table 2. It is seen that the result of 4-wavelength data
is obviously better than that of 2-wavelength data.

The above MAD phases of 4-wavelength data and 2-
wavelength data were improved separately by the DMAD
procedure and density modification. F(obs)-weighted phase
errors are listed in Table 3 in comparison with results from
conventional MAD phasing of the 4-wavelength data.

It is seen that with the 4-wavelength data, the conven-
tional MAD phases have been improved through the
DMAD procedure by more than 3 degrees. Moreover,
even with the 2-wavelength data, the DMAD procedure
could lead to a result better than that from the 4-wave-
length conventional MAD phasing. Although the improve-
ment in this case is only about 1 degree, the effect on the
corresponding Fourier maps is evident (see Fig. 5 and
Fig. 6).

Concluding remarks

Direct methods have been proved powerful for phasing
SAD data. They are also useful in dealing with MAD data
leading to significantly better results than that from the
conventional MAD phasing.
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