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reciprocal vector of the reflection with index hkl
e structure factor at the reciprocal lattice point H

e modulus of EH

e phase of EH

e normalized structure factor

e modulus of E,

the diffraction contribution from the real-part scattering of
the anomalous scatterers, i.e.
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the diffraction contribution from the imaginary-part scatter-

ing of the anomalous scatterers, i.e.
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2; . Zj is the atomic number of the jth atom in the unit cell,

n 1s an integer equal to 2 or 3

2 .
CE = E:Zufca ) Zu is the atomic number of the uth atom belonging to

1

the unknown part of the unit cell

Subscripts:

A the anomalougs scattering atoms
R the replacing atoms of an 1scmorphous pair
N the atoms in the nmative protein
p the atoms of the partial structure with known positions in the
unit cell
u the atems of the unknown part of the unit cell
Introduction

Since the 1960's attempts have been made to combine direct methods

with the single isomcrphous replacement (SIR) and the one-wave-length

anomalous scattering(OAS) methods {(Coulter, 1965; Fan Hai-fu, 1965; Karle,

1966). Such a combination would be impertant for the structure analysis of

proteins due to the possibilities of reducing the number of heavy-atom de-
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rivatives needed for solving a protein structure, saving the time in data
collection thus enhancing the effective lifetime of the protein crystal
and simplifying the process of the structure determination. However,
during the last decade, procedures proposed had not been as successful as
expected. Recently some progresses have heen achleved. Hauptman (1982a,b)
integrated the probabilistic theory of the triplet structure invariants
with the SIR and OAS techniques. Glacovazzo {1983) reported a similar the-~
ory. Karle (1983; 1984a,b) proposed simple rules for the evaluation of
triplet structure invariants from SIR or OAS data. All these methods have
been successful in deriving large number of reliable triplet structure in-
variants using error free data. An alternative procedure has also been
proposed ( Fan, Han, Qian & Yao, 1984; Fan, Han & Qian, 1984; Fan & Gu,
1985; Yao & Fan, 1985;.Qian, Fan & Gu, 1985), which, by the test calcula-
tions using theoretical as well as experimental data, has been proved to
be efficient in breaking the enantiomorphous phase ambiguities in SIR or

0AS method yielding large number of reliable individual phases,

1. Enantiomorphous phase ambiguities in SIR and DAS methods

In the SIR case , for a given H we have

Eyp ~ By v Eyr 1.1

The moduli of EH D and EH p CE0 be obtained experimentally. Accordingly

the parameters of the replacing atoms can be found and EH R be calculated.
I,

Consequently, we have two ways for drawing the triangle of (1.1) leading

to a phase doublet for both ;ﬂaﬂ and Eﬁjhlin the phase-vector diagram,

Fig. 1.

In the QAS case, we have

+ 1 1]
?ﬂ = ?ﬂ.+ FH‘A (1.2)
-
and F - (1.3)

Here EH is the contribution of both the normal scattering and the real
A ~k
part anomalous scattering from the whole unit cell, Iﬂ denotes the conju-~

gate of f&. It follows from (1.2) and (1.3) that

A S (1.4
S T P 4)
-+ - . "
The moduli of EH and EH can be obtained experimentally and then EH,A can

be derived. Hence we also have two ways for drawing the triangle of (1.4)
leading to an enantiomorphous phase doublet for EH as shown in Fig. 2.

Both the phase doublets in SIR and OAS case can be expressed in the
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generalized form

Py = Pyt iag:H! (1.5)

In the case of SIR:

EPH sR

If gh denntes the phase of a reflectlnn from the natlve protein, then

—_ y
- + - -
.&BDH ,&g)n N cos ((FH D FH R )/?.FH R H N} (1.6)
If gh;denates the phase of a reflectlun from the derivative, then
2
- = 1.7
AP = APu,p T E cos ((F *Faor a0/ R 17

In the case nf QAS:

91:1' iiﬁ,

1 .
where 931-1 A is the phase of EH S We can also write
SOH ) wH At Wy
where ‘gh A " 4{s the phase of F -H A,while uJH is the phase difference between
F' . and . F . 1f there is nnly one kind of anomalous scatterer in the

—H,A —H,4
unit cell, then GJH = 90/2. We have for the OAS case (see Blundell & John-

son, 1976)
ﬂgﬁH = + ccs-l((F F )IZFH A) . (1.8)

Notice that SDH in this case is deflned as the phase of

Byt G HOR
Figure 1 Figure 2
Enantiomorphous phase-doublet in Enantiomoxrphous phase-doublet in
SIR case Q4S8 case
B B

T
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11. The probability for Alfy to be positive

With the expression (P_}l = SOE + &g?ﬂ , The Cochran distribution
{Cochran, 1955) can be modified tco give (Fan, Han, Qian & Yao, 1984):

PCnchran<&50H) = (2%10<D{'}}_IEXP(O‘:“C“S(‘E’TH‘ ﬁ'):’ s (2.1)

where ln{o-t'} is the zero order modified Bessel functicn of the {irst kind

with &' as argument,

1 — * 1 2
o T {[E Ky sin 05 + ‘391{' + ‘ﬁspu-u' )}
i

[E KHH,CGS( 0! +.{3ng + .{}.BDH 5’ )] } ’

Z Kygrsint 0 'Ld,ﬁ']-]' +‘jtyH '

tan}’j"=- 3
: )

gikﬂ_]‘.cns( 0, +£3§PE. + ﬂspﬂ_ﬂ.

3 . . ~3/2
O3 =-Fp* P+ Ppmr Rar'™ 2930, BBy Eyy

In the same way, Sim's distribution (Sim, 1959) can be modified as
-1
A _ - 2,2
P lm( SQH) (2 'J‘I:ID(}:)} exp(xcos(ﬂ?ﬂ C?H )) . ( )
= . = - 1
where X ZEHEij /O’; ; Cg\H g)H,p ?H

Combination of (2.1) and (2.2) gives the total probability distribution of
ﬂg?ﬂ as (Fan & Gu, 1985)

PUAP,) = (Z%IG(M))_lexp(mcﬂs(dsoﬂ g (2.3)

2
where X = {( > Kgosin( Qg + AP L8P )t KEint‘?H )
H' —— = == =
{ Z'Kyﬂ,cns( {]:r:‘3 +-ﬂ.fpﬂ, + ﬂ?ﬂ_ﬂ,) + xcnscpﬂ )2} 2 ,(2.4)

f_KHH,s:Ln( 0. +£’_‘;9?H. +ﬂ9?H H') + xs:Ln(T

tanﬁ'; . (2.5)
EKHH.COS( CIJ' +i‘n§3H. +£555H H'} + xcos{?

Since f.dEPH [ is a known quantity, when phase-doublet information is availa-
ble, the probability that ﬂpr has a positive sign can be derived from
(2.3): B
1 1 . . 1 :
P+(A9?E} Z + *z—tanh {s:.nl d(Pﬂl( g.lﬂﬂ, $1n(m3+ ‘QSOE'"' ﬂ‘PH_‘H,)+x51n SE)}

(2.6)
On the other hand, by maximizing (2.3) we have dg’H = ﬁ . Hence we ¢an

calculate the 'most probable’ wvalue of .ﬂ?H from (2._5}. A systematie
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method using (2.5) and (2.6) to break the enanpiomorphous phase ambiguity

will be described in the following secticn,

ITI. Treatment of errors of the starting phases in the presence of enan-

tiomorphous phase ambiguity

For more details on this subject the reader is referred to Fan, Han &
Qian (1984),
l, The 'best phase relationship'

Following Blow & Crick (1959), we can introduce inte direct methods
the concepts of 'best phase' and 'figure of merit' for individual reflec-

tions. A best normalized structure factor is defined as
best ?HFﬂexp{leﬁﬂbest) ? (3.1)

where m, = mHEXP(iSOHbest) =fexp(i5DH)P(gJH}dSDH .

L and

JFI

A triplet phase relationship which consists of the best normalized struc-
ture factors is called the 'best phase relationship',

2. Expressions of the best phase and the figure of merit for a single re-

flection with enantiomorphous phase ambiguity

. - _ L) -
Defining ‘ﬂg)ﬂbest - ?Ebest ?ﬂ , the ﬁ?ﬂbest and ml_[- can be ex

pressed as follows

can(AQ. ) = 2(P, (49,) - %)sin|55aH|f cosAPy (3.2)

m, = exp(- dﬁ/z)“z(r’; %} o %](1—«:u::s:alfi'n!}?ﬂ)-l-r:r.:ushfiﬁ?ﬂ}!i . (3.3)

p—

where Oh is xelated to the experimental error and can be derived from the
standard deviation D of the 'lack of closure error' (Blow & Crick, 1959).
m, may be regarded as a measure of reliabilicty of 13?hbest' As can be

geen, there are three factors included in the expression of m,

exp(-(jﬁJZ) a measure of the sharpness of the experfﬁéntal dis--
" tribution of ?E |
{P+ - Eﬂ a measure af the bias of ﬁgDH towards positive or
negative. It reaches the maximum value when P_equals
0 or 1l
cnsZﬂSOH a measure of the closeness of the two possible phases

, 9’;2“50}'1*}597H|aﬂd ’(Pa= g’ﬁ-l&q’H! .1t reaches the max-
imum viue when AQ’H equals 0 or T .

Either of the last two factors will have no effect on mH when the other



146

one reaches the maximum value.

1
1f P+ =P = 7 (3.2) reduce to

0 if SIGH(COS#?%H =1
G | i
nbest T if SIGN(cosap) = -1
. . T
or exp{lso_l:l_best) = SIGN(cnstOE)exp{lyﬂ} . (3.4)
Meanwhile, (3.3) reduce to
m, = exp(-02/2) |cosAQ, | . (3.5)

Substituting (3.4) and (3.5) into (3.1), one obtains

Eest = exp (- (S KZ) cnsﬂsﬂ e:-:p(ijJH {3.8)

This is the 'best' nnrmallzed structure factor which could be obtained at
the begining from the corresponding doublet. In other words, when enantio-
morphous ambiguities are present,the best way to start a direct method pro-

cess 1s to use the averaged value of the phase doublet as the starting

phase and use the weight, exp(- 65{2)!:05&50H |, for the correspoding EH .

3. Procedure for breaking enantiomorphous phase ambiguities

By replacing the EH' and EH—H' with their ‘'best' values, we can mo-

dify (2.5) and {2.6) to give

PJQ&?=%+%@#$“&%JEZWJWE " (3.7)

and

! ]
mﬂ E KH .51n(ﬂ13+ﬁ50ﬁ.he5t+d‘f‘ _ ,best)+xsin5

mE m}l_ﬂ ﬂﬂ.cns(ﬂ]'-!-ﬁ_j?H best A?H H'bes )+xcns (Sﬂ
(3.8)

Now the enantiomorphous phase ambiguitles can be broken by the following

|n?
="

ran( ﬁg'?H) =

RIS

procedure:
Starting frnm (3.2) and (3.3) a set of A?Hb and m, are first cal-
culated with P . qﬁﬂ: and m, are then substitued into (3.7) to

calculate a2 new set of P+(£}.¢?H ] which will mostly differ from % consi-
derably and the enantiomorphous phase ambiguities will thus be broken. The
above process can be carried out iteratively. If not only the signs but

also the magnitudes of d%PH are to be refined, then (3.8) should be invol-

ved.
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1V, Results on the test calculation

1. Data used in the test

Error free and experimental data from three known proteins were used
for the test:

a) Insulin, which crystallizes in space group R3 with a=82.5 c=3&.DR,
'K=1200 and Z=9. There are ~~6400 independent reflections at 1.9R% resolu-
tion.

b) Avian pancreatic polypeptide (APP), which crystallizes in space
group C2 with a=34.18 b=32,92 C-ZB.&ﬁg, ﬁ=105.300 and Z=4. There are -~

2100 independent reflections at 2.18 resolution.
c) Rice ferricytochrome € (RFC), which crystallizes in space group

Péllwith a=43.78 ¢=110.058, ¥ =120° and Z=6. there are ~6000 independent

reflections at 28 resolution. ¢

1000 largest E's and 60000 strongest Z& relationships from each
structure were used in the following test calculations.

The data of the three proteins were kindly provided by Drs G. Dodson
and E. Dodson, Prof. T. Blundell and Prof. N. Tanaka respectively,

2. Test for the accuracy of the probability formula

The probability formula (2.6), which forms the base of the present
method, is not rigorous in the mathematical sense. Hence a test on the
accuracy of the formula is highly deserved. Error free SIR and QAS data of
insulin were used for this purpose. In the test, error free quantities,
including the correct signs of .dg)H,and &SJH_H. , were substituted into
the right~hand side of (2.6) then compare the result on left-hand side
with the true sign of J;g%i . A correct result will contribute no error to
the phase, while a wrong result will contribute an error of 2‘&?}1] to the
corresponding phase. The results are summarized in Table 1. It turns out
that (2.6} is accurate enough for practical purpose in both SIR and 0AS

cases.
3. Application to phasing SIR data with replacing atoms in non-centrosym-

metric arrangement

1
Error free insulin SIR data were used. With P.= 7 values of zaghbest

and m, were calculated using(3.2) and (3.3) respectively and then substi-

— 1
tuted inte {3.7) to calculate a new set of P+ . Most of them differ from-f

considerably. With the new set of P one more cycle of iteration led to

+ ¥
further improvement on the reliability. The results are listed in Table 2.
It shows that the method is capable of deriving large number of initial

phases with high reliability.
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Table 1. Table 2,
Results on testing the accuracy Result on phasing
of {2.6) using error free SIR and the error free SIR data
OAS data of insulin of insulin
0AS SIR SIR
Group % ER. % ER Croup 4 ER
1 99.5 1 100 0 1 93.5 7
2 97.8 3 9%98.5 1 2 ge.8 11
3 95.8 4 95.3 4 3 82.5 16
4 0.3 6 90,1 7 4 77.1 18
5 3.7 8 B2.7 9 5 72.6 18

The reflections were arranged in descending order of |P+ - %-Iand

then cumulated into 5 groups. The groups numbered 1,2,3,4 and 5

contain the top 200, 400, 600, BOO and all reflections respectively.

% Percentage of reflections with the signs of a?ﬂ correctly
determined in the test.

ER Averaged error of phases (in degrees).

4. Application to phasing SIR data with replacing atoms in centrosymmetric

arrangement

Exror free SIR data of APP were used in this test. Two kinds of phase

ambiguities simultaeously occured in this case. One is inherent in the SIR
method, this can be resolved as in the above example. The other comes from
the centrosymmetric arrangement of the replacing atoms, this causes the
term Ein(mé+ ﬁsaH'bestq-ﬁTE—ﬂ'best} to be ldentical with zero at the be-
gining of iteretion. Hence the calculation using (3.7) will result in a
set of P+ always equal to %-leaving the phase ambiguities unresclved. In
order to overcome this difficulty, a multi-solucion procedure with random
starting sign sets (Yao & Fan, 1985) was used. With this method the signs
of z&gh. were assigned randomly to positive or negative with an associat-
ed probability P+ equal to 0.6 or 0.4 respectively. Then the signs were
refined by the iterative calculation using (3.2), (3.3) and (3.7). The
result is to be described by Yao Jia-xing in this Winter School. Although
some methods have been proposed to resclve the phase ambiguities in SIR
case (Blow & Rossmann, 1961; Wang, 1981,1984), none of them was capable of
phasing a set of SIR data with the replacing atoms in a centrosymmetric
arrangement. Hence the method described here may be a useful complement to

the others.
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5 Application to phasing the experimental QAS dats of three known proteins

Experimental OAS data of insulin, RFC and APP were used separately
with the procedure described in paragraph Iv.3 . All the three sets
of data gave satisfactory result as shown in Tables 3, 4 and 5a respective-
ly, In order to demanstrate the efficiency of the method, the result in
Table 5a is compared with that from the SIR-0AS method, which was used by
Tickle et al. (198l) to solve the APP structure. Corresponding to the 1000
reflections used with the direct method, 1000 'best phases' resulted from
the SIR-0DAS method were selected and arranged in descending order of the
figures of merit. The reflections were then cumulated into 5 groups. The
result is listed in Table 5b. It turns out that, for the selected 1000 re-
flections, about one half of the total number of reflections at 2.1 X reso-

lution, the direct phased 0AS method is as good as the SIR-0AS method.

Table 3. Table 4.
Result on phasing the experimental Result on phasing the experimental
0AS data of insulin OAS data of RFC
Group )4 ER Group % ER
1 93.0 33 1 95.5 2%
2 94,5 35 2 93.0 25
3 94.0 37 3 92.2 28
& 93.5 38 & 88.8 33
5 92.3 41 5 85.8 36
Table 5.
Results on phasing the experimental data of APP
(a) phased by direct method (b) phased by SIR-0AS method

Group 4 ER Group 4 ER
1 95.0 24 ! 92.0 16
2 90.8 30 2 §8.8 20
3 91.3 29 3 87.5 24
4 89.0 132 & 84,1 30
5 86.3 36 5 79.4 39

For the meaning of 'Group', % and 'ER' , see the foot-note of

Tables 1 and 2,
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Conclusion remarks

We are now at a stage that, direct methods are ready for use in the
ab-initio phasing of SIR or OAS data. The method may still be greatly

strengthened if some kind of phase extension-refinement techniques can

be incorporated. It can be expected that, the combination of macromolecu~

lar and direct methods will play an important role in protein etrystallio-

graphy.
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