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ABSTRACT

For crystale composed entirely of light atoms with atomic nuwmbers close
‘to each other, the Sayre equation gives the eign relation of the structure
amplitudes. It hae been successfully applied to the determination of
crystal structures of organic compounds, Nevertheless, for crystals contain-
ing "heavy atoms", the Sayre equatiom is no lomger valid; instead, the so-
ealled "heavy dtom method" is gemerally used. In the presemt work the inter-
relation between the respective signe of structure amplitudes, the Sayre
equations, and heavy atome has been considered, and the poseibility of
combining the heavy atom method and that of Sayre is pointed out. This leads
to the suggestiion of a sign-refinement procedurve, with which the initial
signe of heavy atoms can be befined to the correct signs of the etructure
amplitudes. This procedure has been verified with a hypothetical one~
dimenaiongl gtructure and proved to be satisfactory. Some probleme.oconcern-
ing its application to the actual cryetql-gtructure analysis are aleo
discussed.

I. INTRODUCTION

Ever since Sayre[l} introduced the sign relationship of the structural
amplitude in 1952, this method has been widely applied directly to the
determination of crystal structures. However, the Sayre equation is only
valid for the crystal structures containing liﬁht atoms of the same kind or
with etomic numbers close to each other. For "heavy atoms", the gsign
derived from the Sayre equation no longer represents thf ﬁrue sign of the
structural amplitudes. To solve this problem, Woolfson 2} nas added a
correctional term in the Sayre equation; namely, B, ;1_’ xzz;-,.p,..p,_,.;,..,

A AT
which is suitable for the crystal structures containing two kinds of atoms.
However, the computations of the correctional term are rether tedious, not
suitable for general applications.

Starting from another angle of approech and considering & rather easy
determination of the position of the heavy atoms, the author deems it
possible to modify the Ssyre equation thus obisined, which not only Appears
to he simple but also indicates the Interrelation vetween the respective
signs of "heavy atoms", "Sayre equation", and “siructure suplitudes”™. The
modified equation may bridge the gap between the "heavy atom method" and the
"sign relstionship method”.
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II. THE MODIFIED SAYRE EQUATIOR
According to Sa.yre’s‘fl] derivations, for any crystel structures,

Py =1 D FwFuy = Gy,
Vw (1)

in which Fflq is the structure amplitude of “square crystals". If the
crystal conteins only one kind of etoms, then

F¥ = f'“; epoaiH-tj=if‘qZ,: fexp2ni H-v, =$FH E%F”’ (2)

in which f is the a'l:omic scattering factor; £59 is the scattering factor
of the "square atom". Here, the sign of the structure smplitude Fy is
the same as that of GH (henceforth called "Sayre sign").

Let the crystal contein two kinds of atoms, light P and heavy Q.

We have Fyg = Zf exp2xi Herp + Z 1o exp2xi Hery,
P
(3)
Let Pr = fo/f?; Po = fo/17 >
then FY o=l Fgy+ - —1-)(1"”)9,

Pr P Py
{4)

in which (FH) is the contribution of the structure amplitude by the
heavy atoms, snd its sign will be called "heavy atom sign" henceforth.

Substituting equation (4) into (1), we have

Fge (A4,)Gy — [‘fﬁ — 1](-":;)0.

o

(5)

In comparison with the equivalent terms in Sayre equation, there is only
one additional correction term in equation (5), namely,

- [f: = 1}(F1s.

This correction term can easily obiained by knowing the posit:.on af the
heavy satom.

To verify the validity of equation (5}, we shall use Woolfson 5[2]
one~dimensional crystal model: .

Lattice parameter: a = 20 A; Space group: PI;
Atomic coordinates: X, = +0.0625; X, = $0,1429; X, = +0.2500;

Xy, = 1£0.4500; Xp = *0.3333,

Atomic electron denslity distributions and scettering factors:
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(Pa)r =6 ﬁe"""; () = 12 2 R
I = j_.(P.)rCOS 2z8udu = 6 ¢"i'-"; fo =12 P L

ﬁ - I--(P.):r cos 2xSudu = 36 g‘i"‘; f‘p‘ - 144 e-i-s';

1 -5 1 -z
o . - 4
P p; ’ Po _12 e .

where § = 2 sin 6/A. Now, equation (5) becomes Fn = @rGu—{(Fu)o.
See Table 1 for verified results. From the date in Table 1, the deviation

factor of equation (5) is R = ;“5-#‘ _ 11"3||/Z|I~'ni-=1.8%
H

(all R's thus referred to have the same meaning in this paper). This small
discrepancy is probably due to the broken tail effect of the geries as well
as the atomic overlapping.

Although equation {5) is suitable only to the crystal containing one
kind of "heavy atoms", yet when the "heavy atoms" are of more-than one kind,
as long as their positions are known, similar correction terms can be added
to the equation (5) so as not to increase the degree of complexity excessive-

1y.
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Table 1

H s ®p GH ©rGy (Fi)p Fu Fr Ay
o 0.00 0.1667 575.7 95.94 24,00 71.94 $2.00 0.06
1 0.05 0.1667 | —100.43 | —16.74 | —11.95 —4.88 —1.84 0.0+
2 0.10 0.1653 | —121.43 | —20.67 | —11.80 —5.27 —8.34 0.07
3 0.15 0.1633 204.50 33.40 23.15 10,25 “10.33 0.10
4 0.20 0.1612 [ —110,02 | =—17.74 | —11.26 —6.48 —6.66 0.18
5 0.25 6.1587 | ~178.24 | —28.29 | —10.89 | =17.40 | =—17.4% 0.07
€ .30 0.1552 174.13 27.03 20.82 5.21 6.31 0.10
7 0.35. 0.1512 | — 87.85 | ~13.28 .| -—9.90 —3.38 —3.33 0.03
8 0.40 0.1467 | —137.79 | —20.21' | —9.33 | —10.88 | —11.06 0.18
9 0.45 | 0.1420 232,28 32,08 | 17.47 15.51 15.77 0.26
10 0.50 0.1366 | —330.16 | —45.10 ~8.10 | —37.00 | —37.34 0.34
1 0,55 0.1312 | —133.20 | —17.48 —7.47 | —10.01 —9.95 0.06
12 .60 -] 0.1252 211.76 26.51 13.63 12.88 13.42 a.54
13 0.65 0.1192 | — 20.78 —2.48 —6.18 3.70 3.67 0.03
14 0.70 0.1132 | — 79.71 —9.02 | 5.5 —3.46 | —3.35 0.11
15 0.75 0.1072 253.36 27.16 §.93. 17.23 17.61 0.38
16 0.80 0.1007 5.92 0.60 —4.39 | 4.9 4,77 0.22
1 .85 0.0947 | —97.88 —-9.27 —3.86 —35.41 —6.04 .63
18 o.90 0.0880 | 134.19 1.8t |- 6.2 5.09 5.43 0.34
19 0.95 0.0820 | —94.47 —7.75 —2.90 —4.85 —5.19 | ~ 0.34
20 1.00 0.0760 | ° 20.92 1.59 —2.48 4.08 4.05 0.03
n 1.05 | 0.0700 108.72 7.61 4.25 3.36 | 3.54 0,18
2 1.10 | 0.0647 | —59.14 —3.83 —1.79 | "—2.0¢ —2.28 0.24
23 1.15 0.0587 | —951.68 —5.38 —1.50 | —3.88 4,10 0.22
24 1.20 | 0.0540 76.08 411 2.50 1.6 1,78 0.15
25 1.25 0.0494 | ~77.23 —-3.8 | -3 | -2.79 —2.91 0.12
26 1.30 0.0440 | —~79.19 —3.48 | —0.85 | ~2.63 —2.74 6.11

* In Table 1: &u=erGn~ (Fudo;

FH ~-- structure amplitude computed by the atomic coordinates &and its
corresponding scattering factor;

Ay= |Fu - Ful.
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III. INRTERRELATION OF "HEAVY ATOM SIGN", AND THE STRUCTURAL
AMPLITUDE SIGN

Rewriting equation {5), we have

PrGu = Fy + [—ﬂ — 1](FH)9,
Po

(6)

in which the left-hand side is the "Sayre sign"; the Pirst term or the

right-hand side is the structure amplitude sign, and the second term is

the heavy-atom sign (Notice that in geperal Py ). It is obvious
Po

that when the crystal contains cnly one kind of atoms, the second term on

the right-hand side of equation (6) 1is tero, and the stiructure amplitude

sign is the same as the "Sayre sign". This is the conclusion reached by

Sayre in 1952. When the crystal contains two kinds of atoms, we have the

following two cases:

(1) 1If the heavy-atom'sign is the same as the structure-smplitude
sign, then the Sayre sign is equal to the structure-amplitude sign;

(2} If the heavy-atom sign is opposite to the structure-amplitude
sign, then we again have two cases:

then the Sayre sign is

(a) I 17,0 >| [ —1] (Fade):
. ’ Po
st11]l the same as the structure-amplitude sign;

{p) If IF"I<:I[ —-1](F")°I then the Sayre sign is
the opposite to the structure-amplitude sign.

Hence, it is seen that in spite of the fact that the crystal contains
heavy atoms, the majority of the Sayre sign still correctly represents the
structure-amplitude sign, and is closer to the actual conditions than the
heavy-atom sign. The data in Table 1 can be considered as & verfied
instance: among the 26 structure-amplitude signs in Table 1, there are 3
opposite to those of the heavy atom signs, but there is only one with a
gign opposite to that of the Sayre sign.

The above-mentioned fact suggests the possibility of combining the
heavy atom method and the Sayre method. It further leads to the suggestio

of a sign-refinement procedure of the heavy stom sign from equation {5) to
finally obtain the structure amplitude sign.

IV. THE APPLICATION OF THE MODIFIED EQUATION - SIGN-
REFINEMENT TEST

The sign-refinement procedure can be divided into three steps:

Step I. From the starting sign, find the correéponding GH for every
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VI. CONCLUSION

We heve introduced the sign-refinement method which has been experimenta)
1y tested to be valid with a hypothetical crystal. A further test is needed
to verify the validity of this method for a’real crystel. However, from the:
data on hand, it is seen that this mey be & practical method to combine the
heavy atom method and the sign reletion method, and also possesses specisl
features that either the heavy atom method or the sign relation method lacks,
In determining the crystal structures conteining heavy stous, the heavy etom
pethod 15 to utilize the heavy atom signs to obtain the whole structure through
$he successive electron density syntheses. The method in this paper is in
substunce a sign-refinement procedure to replace the whole or a part of the
electron density epproximation procedure. In so doing, there may be two
advantages: one being to improve the heavy atom signs without knowing. the
actual structural model in order to lesson the difficulty in interpreting the
electron density meps; the other being easier to standardize or automize than
the electron density gradusl epproximation method. Should we integrate the
refinement procedure into the €lectron computation procedure, under the most
favorsble conditions, it is possible to start with the: heavy atom signs to
derive the final electron density maps sutomstically. Finelly, it is te be
pointed out that this method as introduced in this paper is alsc applicable to
the noncentrosymmetric crystals by treating the real and imaginary parts of
the structure amplitude sefgﬁately. Relevent discussions in detail can be
cited from another article by this suthor.

The author is grateful to Mr. Wu Gan-zhang for his concern and encourage-

ment, and to Mr. Liu Yi-huan for his readinc the manuscrivt snd his valuable
suggestions.
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