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ABSTRACT

In Part I of thie article, the possibility of combining the

"heavy atom method" and the "eign relation method" was pointed out,

and a 8ign-refinement procedure was suggested to replace the orc_imary
succeseive electron density syntheses. The preeent part deals with the
probleme concerning the further combination of the previously
suggested procedure with the ieomorphous replacement method or with _
the anomalous scattering method in the case of noncentrosymmetric crystale.

INTRODUCTICON

In the case of noncentrosymmetric crystals, it is generally suggested
that the heavy atom method, the isomorphous replacement method, anamalous
scattering method or the like to obtain the phase angles of the structure
amplitudes. The phase angle of the heavy atom has been considered -
as the basis. The author has pointed out in refebence (1) the possibilit
of refining the phase angle of the heavy atom by means of the sign
relationship. This possibility was further verified with respect to a
hypothetical centrosymmetric crystal. If we are able to Imitate the
centrosymmetric econditions to establish a "structure amplitude component
relationship" for the noncentrosymmetric case, then we may be able to
suggest a sign-relation method to combine with the procedure of the heavy
atom methed, the isomerphous replacement method or anomalous scattering
method for the noncentrosymmetric crystals.

I THE SIGNIFICANCE OF THE "COMPONENT SERIES" AND THE '"'COMPONENT RELATIONSHIPY

In the case of noncentrcsymmetric crystals, the electron density distribution
function may be written : : '

P(E) =0 Fy) =@ A,) + O WiBy) = plr) + pi(r), RS Y

in which p(r) is the electron demsity distribution function; Fyis the
structure amplitude with a diffraction index of H; #-1(Fyjstands for the
Pourier inverse of Fy; Ay and By are the real and imaginary components of
Fy respeetively; pa{r) and py(r) can be called the real component series
and imaginary compcnent series for the time being. It is easily seen that
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pur) =07(4,) = —;- G (EFy+ FR) = -:7 o(r) + —;— p(—1), (2)

ps(r) = 01(iB,) = % O L(E, — FL) - % p(r) — % p(—1), 3)

in which Ff§ is the complex conjugate of Fy.

Hence, it is seen that the electron density distribution funetion of the
noncentrosymmetric crystals is in substance composed by the two parts,
pp(r) and pp(r). The former is equivalent to a centrosymmetric structure,
which contains the original structurep (r) and its central mirror bodyp (-2
the latter corresponding to a. central anti-symmetric structure containing
the original structure p(r) and its noncentral mirror body -p (-r). The
structure amplitude of pa(r) is Ay; the structure amplitude of pp(r)

is iBy. Since Ay and By are all real numbers, we may anticipate the
relationship of the structure amplitude of the central symmetric crystals
among ‘them.

From equations (2) and (3), we have

%m () + ph(x)] = -j-p’(r) + }p’(-«)s PAION )

p(PIpu(r) = L ) ~ L (—r) = pF (). ()

According to the principle of the Fourier transform, the Fourier transform
of the product of two functions g; and g2 is equal to the product of the
Fourier transfocrms b(gl) and Q(gz% of the two functions g) and g,. Hence,
obtaining the Fourier transforms for equations (4) and (5), we have

L [24,.-4“. = 3By Buw]| = OL7(0)] = 4T, (6)
i ' H

L 3 A Bucw = 20155 ()] = BF, )
V H 4

in which V is the cell volume.

If there is no atomic overlapping phenomenon in p(r), then the atomic
distributions of the structures 25(r) and 25 (r) will be the
4 B
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same as the atomic distribution of pa(r) and pgrjrespectively, and only

differing in atomic forms, If p (r) only contains two kinds, light and heavy
atoms P and Q, we have [1

4&“-%[::74”\%(%—;}—' (Au)o]; (8)
BY ~ % [7;—’ Bu+ (%D- - -4—:’-) (B,,)p], 0

in which @ ={/f* £ being the scattering factor, i.e., the Fourier transform
Q(pj) of an atomic electron demsity distribution functionpj ; £54 is the

«cattering factor of the "square atem", or D(p); (44)e Bnd (By)p are

tne real and imaginary components of the heavy atom diffraction structure amplitude.
sibstituting equations {B8), (9) into (6) and (7), we have

Ay = %r. [gdﬂ.,qﬂ.w - ;BM,B,,_H'] - (—:’i - 1)(Au)p, (10)
Bum 228 {5 B ] — (22— 1)(Bs, ()

If in addition to the absence of superpositicn phencmencn of p(r) per se, there is
no overlapping between p(r) and p(-r), then after squaring separately equations {2)
and (3) and according to the above derivations, we

"

A, - -2_&2 Ay Ayey — (ﬂ - 1)('4”)0: (12)
1 2 I'g Po
An= 22057 5,8, 0 — (22~ 1) Can. (3
1 4 H Po

Although there will be more restrictions on equations (12) and (13), yet their form:
are far more simpler than those of equations (10) and (11). Prior to the use of
equations (10) through (13), it is necessary to find the positions of the heavy
atoms, which are not difficult to find. If there are more than one kind of heavy
dtoms, as long as their positions are known, it will not be difficult to add the
refinement terms to the equations (10) through (13).
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II POSSIBLE APPLICATIONS
1. Refinement of Heavy Atom Phase Angle

In the previous articlel1] it was obvious that the discussions regarding the
interrelations of the structure amplitude sign, Sayre equation and the heavy atom
sign can be wholly applicable to equations {10) through (13). Hence, for non-
centrosymmetric crystals, the sign-refinement procedure suggested in reference [13
may be used to replace the successive electron density syntheses. The only differ-
ence is to treat the structure amplitude separately according to its real and
imaginary parts in addition to the sign-refinement of Ay and By during the vefine-
ment procedure as well as the successive refinement of the absolute values of Ay
and By. Furthermore, the Ay and By of the first round wiil be approximately replace

by (Ag)o | Fa and _ (Bx)o 1F 4l respectively.
A (4Yy + (Budl A (46 + (B

2. Selection of the Phase Angie in the Two Solutions by the Iscmorphous Replacement
Method

If we have two isomorphous crystals, in which one contains atoms P and Qi, and the
other contains P and Qgp, then their structure amplitudes are respectively

FI=FP+F011 F:‘sFr+FD,,

therefore,
F,— Fy= Fg, g,

Now, we only need to know {Fil, |Fil, and Fo,  , and we shall be able to solve
for a possible pair of phase angles, which are symmetric with ,g2-qi(see Fig. 1).

#=1hf

#o/l

Fig. 1

In order to find the cnly solution, we may use anomalous scattering data or the
diffraction data of a third isomorphous crystal (with the position of the replaced
atom different from those of the eriginal two crystals). However, this would enhance
technical difficulties, especially the latter method mentioned above which is

usually difficult to materialize except for large molecular crystals, such as protein:
etc.,. Ramachandran and Ramanl2} and Blow and Rossmanl3] have independently suggested
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method of combination of the isomorphous replacement method or ancmalous

sattering method, which would enable to obtain the actual electron demsity maps
without additional experimental data. Their method, however, has failed to
solve the two-solution problem for all practical purposes, and merely taken the average
of the two phase angles. As a result of this practice, more serious errors and
gistortions in the electron density maps have occurred. Furthermore, their

erhod is not applicable for those replaced atoms possessing centrosymmetric
distributions. Should we consider the equations (10) and (11}, regardless of the
distribution of the replaced atoms, it is always possible to select the correct
solution. We shall state it as follows:

1) For replaced atoms with noncentrosymmetric distribution:

ror every given H' we have two pairs of possible structure amplitude componeunts
Ay » By and Ay, By. Let (A,,-)=-1— (L + A%);
2

1 L r
By =3 (B + B). Substituting the above into the Ag
and By, in the ";" of the right sides of the equations (10) and (11), we may find
the Ay and By on the left sides by successive approximations. Compare these values
with %he two solutions, then the closer value would be the more exact solution.
in order to cbtain more reliable result, we may use the successive refinement
procedure cited in reference (1). For all practical purposes, the above procedure
is essentially the combination of the isomorphous replacement method, heavy atom
method and the sign relation method.

(2) For replaced atoms with centrosymmetric distribution: From the twe solutions
we may find AEJ Bgl and (Ag)g [Notice that (By)q = 01. Now the problem

nas been narrowed down to finding the gign of By. Substituting the above data
into eguations {10) and (11}, we may find the relation among the values of By.
Similar to the structure amplitude sign method for centrosymmetric crystals, it
is possible to find the signs of the majority of the By's from which the correct
phase angle can be determined. For all practical purposes, this method is the
combination of the sign relation method and the isomorphous replacement method.

3. Selection of the Phase Angle in the Two Solutions by the Anomalous Scattering
Method

If the crystal contains the atoms P and Q, and Q produces anomalous scattering
with respect teo the incoming wave, then the structure amplitude can be divided
into two components - cne being the normal contributions from all the atoms plus
the anomalous correction of the real part of the Q atom; the other component being
the anomalous correction of the imaginary part of the Q atom, i.e.

F(H) = F'(H) + Fo(H),
F(D* = F'(H)* + Fo(H)* = F'(H) ~ Fo(H),

therefore

F(H) — F(H)* = 2F5(H),
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in which F¥ is the complex coniugate of F.

Now, if we only know | F(H)| , F(H)| and F' '(H), a pair of possible phase angle
can be solved, which are antisymmetric with respect to F,(H) -- the normal
structure amplitude of a Q atom (Fig. 2). There are various methods to eliminate
the two-solution. For instance, use the diffraction data of another kind of
wavelength, or use those of an isomorphous crystal. But this tends to complicate
the experimental work. Ramanl%#,5] has pointed out that in the light of not
increasing the experimental data, this problem can be solved by means of the
"Double Phase Angle Syntheses" or the "Heavy Atom Identification" method. However,
the result is not yet satisfactory. It is possible to improve the degree of
reliability of Raman methed with the aid of the eguations (10} and (11). We shall
consider the following two cases:

(1) If the anomalous atoms have a noncentrosymmetric
distribution:

Now, similar to the case by the isomorphous replacement
method, it is possible to find two pairs of the
components of Ay’ and By' for every given H'. But at
this moment the two solutions due to their antisymmetry
to F,(H) has at least one pair of Ay, and By, which

is cgoser to Fo(H). Substituting such values of Ay Fig. 2
and By' into the "I" on the right side of the equatioms

(20) and (11), Ay and By can then be found by successive
approximation. After a cyclic refinement procedure

more reliable results can be obtained.

(2) If the anomalous atoms have a centrosymmetric
distribution:

From the two solutions we may find Ay, By and (Ag), notice that (Bylgz 0.
Now, the problem has been narrowed down to finding the sign of Ay. g _
substituting the above data into the right side of equation (10), the sign

of Ay, equal to that of (Ayt)y, and A, can be calculated. .After cyclic refinement
procedure, the correct sign og AH cange-found.

The two procedures mentioned above are equivalent to using Raman's "heavy

atom identification” method to find the initial Ay and By. further refined with
equations (10) and (11},

4. To Find the unknown phase angle from a known one

There is an obvious use for equations (10) and {11), i.e., when the majority

of the phase angles are known, the unknown Ay and By can be successively computed
by substituting the corresponding Ag' and By'. If necessary, cyclic refinement
can also be carried out. This is useful to supplement the heéavy atom method,
since certain occasional distributions of the heavy atoms often make the phase
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angles of a portion of the diffraction spots (sometimes involving a large
quantity of diffraction spots) difficult or even failed to yield any clue from
the ‘positions of the heavy atoms. Now, by using the equations (10) and (11),
great improvement on the electron density maps may be made, The author will
make detailed discussions in another article, regarding the application in
this respect.

In the procedures mentioned above, and if the non-overlapping condition of

o (r) and p(-r) can be satisfied, we may replace equation {10) by the equations
(12) and (13). If the non-overlapping condition cannot be fully satisfied,

we may also use equations (12) and (13) to find an approximate result in order
to simplify computations.

The author is grateful tc Messrs. Wang Shou-ren and Wu Gan-zhang for their
guidance and encouragement, and to Mr, Liu Yi-huan for his reading the
manuscript and valuable suggestions.
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