
PHYSICAL REVIEW B 1 APRIL 1999-IIVOLUME 59, NUMBER 14
Change from sixfold to fivefold coordination of silicate polyhedra:
Insights from first-principles calculations of CaSi2O5
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Recent x-ray-diffraction observations found a triclinic phase of CaSi2O5 stable under ambient conditions,
related to a monoclinic phase with the titanite structure. It differs from the titanite structure by the elongation
and loss of a Si-O bond within a SiO6 octahedron, thus having SiO5 polyhedra. We have studied both these
phases using density-functional theory in the generalized gradients approximation, to investigate the relative
stability and chemical changes between the phases. Mulliken analysis is used to calculate covalent bond
populations and atomic charges. A series of intermediate structures are studied to approximate a prototype
transition pathway.@S0163-1829~99!06313-4#
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I. INTRODUCTION

Silicon coordinated by five oxygen atoms is present a
component in aluminosilicate melts at the pressures and
peratures of the Earth’s mantle, in which it dominates th
transport properties.1–8 Such SiO5 groups are not normally
found in silicate minerals, which contain SiO4 tetrahedra at
low pressures and an increasing proportion of SiO6 octahe-
dra at higher pressures. The recent determination of the r
pressure structure of a phase of CaSi2O5 provided the first
example of a crystalline oxide phase to contain silicon co
dinated by five oxygens.9 Under a hydrostatic pressure o
between 0.17 and 0.21 GPa this phase undergoes a first-
‘‘displacive’’ phase transition to a monoclinic phase, duri
which the SiO5 polyhedra become SiO6 octahedra.10 The
monoclinic phase was stable upon return to ambient p
sure, indicating some hysteresis in the transition. This tra
formation in a crystalline structure, therefore, provides
model system in which the energetics of the formation
SiO5 groups and the mechanism of transformation of su
groups to SiO6 octahedra can be determined.

The structure of the monoclinic, high-pressure phase
CaSi2O5 is of the titanite structure type. It contains SiO6
octahedra which share corners to form chains of octahe
These chains are cross linked by SiO4 tetrahedra which also
share corners with the octahedra and these together fo
three-dimensional framework. The calcium atoms occupy
cavities within the framework. The transformation to the t
clinic structure involves breaking one-eighth of the links b
tween the tetrahedra and the octahedra, leaving the S
bonds intact within the tetrahedra, but producing an S
distance within the former octahedra that is too long~2.83 Å!
to be considered bonded.10 The triclinic, low-pressure phas
therefore contains chains of alternating SiO6 octahedra and
SiO5 pentahedra, partially cross linked by SiO4 tetrahedra.9

There has also been a theoretical predicion of SiO5 pen-
tahedra in a phase of silica (SiO2),11 formed froma quartz
under the application of nonhydrostatic stress in molecu
PRB 590163-1829/99/59~14!/9149~6!/$15.00
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dynamics simulations. At high pressures this phase w
shown to be stable with respect to quartz, using dens
functional theory~DFT! with the local-density approxima
tion. In that study, the pentahedra decomposed toa quartz
via intermediate fourfold coordinated polyhedra. The loc
geometry of the SiO5 pentahedra was very similar to thos
found in CaSi2O5 , suggesting that these polyhedra may
found more generally than in only these two phases.

In this paper, we investigate both the monoclinic and
clinic phases of CaSi2O5 using first-principles electronic
structure calculations, to further determine both the stabi
and the electron distribution of a phase with SiO5 polyhedra.
A plane-wave basis set is used to represent the electr
wave functions, so no assumptions are made about the b
ing during the simulations. However, once the wave fun
tions are obtained, they are analyzed using atomic orbi
and the Mulliken formalism, to assign charges and coval
bond populations.

II. FIRST-PRINCIPLES CALCULATIONS

The density-functional theory is used in the generaliz
gradients approximation~GGA! formulation of Perdew and
Wang,12 using the plane-wave total-energy code CETEP.13,14

Norm-conserving pseudopotentials generated using theQc

tuning method15,16 represent the atomic nuclei and core ele
trons; in the case of Ca, ten valence electrons were requ
to obtain satisfactory behavior. Pseudopotentials enforce
assumptions about the coordination of an atom, so fo
five- and sixfold coordinated silicon atoms should all
treated equally. The Ca pseudopotential was generated
reference to a Ca21 ion16 but those for Si and O use th
neutral atom fors and p states, with standard ionized an
excited reference states ford components. The silicon an
oxygen pseudopotentials are those used in recent studie
9149 ©1999 The American Physical Society
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MgO ~Ref. 17! and magnesium silicate perovskite18 in which
they are described fully.

A basis set of plane waves with kinetic energy less th
1000 eV was used, giving convergence of the total energ
within 0.01 eV per atom, and a Pulay stress19 on the unit cell
of 4 meV/Å 3 or 0.6 GPa. The Pulay correction to the stre
was estimated from fitting the total energies at five ene
cutoffs from 980 to 1020 eV, and has an uncertainty of
GPa. However, the effect of this uncertainty is likely to
much less than systematic overestimation of the volume
to use of the GGA. Both of these uncertainties are there
comparable to the experimental transition pressure, so t
calculations may not be used to boundPc more tightly. Im-
proving the accuracy of the simulations in an attempt to b
ter the experimental observations would require unfeas
amounts of computer time.

A unit cell containing four formula units was used for a
calculations apart from the monoclinic structural optimiz
tion, since this allows direct comparison between the t
phases. Fourk points in the full Brillouin zone were used
from the 23232 Monkhorst-Pack set.20 Increasing the sam
pling to 43432 changed the energy by less than 1 meV
atom.

In order to determine whether there is an energy barrie
the transition between monoclinic and triclinic phases at z
pressure, the transition pathway is required. In principle
may be deduced as a path of minimum energy in the
16 dimensional space formed by all coordinates, this is
practical from first principles. A simple path is thus assum
but may be tested to see whether it is close to the low
energy route. Nine intermediate structures were generate
linear interpolation between the monoclinic and triclinic e
points, of both the unit-cell vectors and the fractional po
tions, to give a prototype series of configurations to act a
transformation pathway.

Mulliken analysis

The bond strengths between Si-O pairs were previou
deduced from the x-ray data by interpolation and extrapo
tion of empirical data.9 Here we analyze the electron
charge density calculated from first principles to obtain bo
populations, using the method of Segallet al.21,22 in which
wave functions with a plane-wave basis set are projec
onto a set of atomic orbitals. We outline here the steps
volved, since they are well described by the original autho

In pseudopotential calculations, pseudo-orbitals of the
lence electrons are generated during the production of
corresponding pseudopotential. These may be considere
a localized basis set, so that wave functions may be
pressed as a linear combination of atomic orbitals. Outs
the core region, the pseudo-orbitals replicate the true ato
orbitals, having a decaying magnitude, and are only tr
cated where their magnitude is negligible~having decayed to
the order of 10210). They are not truncated by the use of
periodic supercell, because they are represented in recip
space using Bloch functions. The projection of wave fun
tions represented in terms of a plane-wave basis set
representation with localized orbitals has been developed
successfully applied elsewhere.23 In that work, the incom-
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pleteness of a localized basis set was expressed in term
the ‘‘spilling parameter’’S, measuring how much of the
plane-wave wave functions cannot be expressed using
localized orbitals.

The Mulliken charges and bond populations may be c
culated using Mulliken analysis23,24using the overlaps of the
pseudo-orbitals. This has been demonstrated for zincble
semiconductors,23 other simple bulk systems,22 and a TiO2
grain boundary25 in which a fivefold coordination was found
similar to that discussed here. In this paper we demonst
that the bond populations calculated using this method ag
favorably with widely used empirical bond valence value

The exact choice of orbitals has a significant effect on
values obtained, particularly on the absolute values of
charges21,22 but should have a much smaller effect on diffe
ences between corresponding charges in different pha
Using onlys andp orbitals of Ca, Si, and O gave a spillin
parameterS50.016. Including thed orbitals for Si reducedS
to 0.010, and changed the absolute values of Mullik
charges and bond populations, but the resulting values g
much better agreement with empirically determined bond
lence values, as described below. This larger basis set
used in all subsequent calculations. It gave positive bo
populations from some Si to eight rather than six O, but
additional two interactions had very low values~0.01 com-
pared to between 0.6 and 1.1 for Si-O within polyhedra! so
this was taken as an indication of the uncertainty of
method. However, inspection of the differences in charge
bond populations between the two phases gave very sim
values with or without inclusion of the Sid orbitals. Cad
orbitals were not considered; the pseudopotential used fo
treatsp andd orbitals with the same potential and very litt
d character is expected.

III. RESULTS

A. Structure and stability

The calculated equilibrium structures are shown in Tab
I, II, and III. The decrease in volume from the triclinic t
monoclinic phase, at zero pressure, was found to be 3.
compared to the experimental value of 2.9%. Volumes
both phases were up to 3% larger than experimental val
the GGA is known to often overestimate the volume.26 The
lattice parameters of the monoclinic phase are not uniform
larger than found experimentally:a is 2% smaller andc is
3.5% larger, reflecting the anisotropy within the structu
Bond lengths were generally within 1% of experimental v
ues ~averagel calc/ l expt50.9989, standard deviation 0.0067!
for all except the broken Si . . . O distance in the triclinic
phase~7.6% too long!. However, nonbonded interations a
not expected to be so accurately determined.

The triclinic phase was found to be more stable at z
pressure and temperature, consistent with experimental
servations, by 0.14 eV per formula unit.

B. Bonding

Interactions between Si and O generally show strong p
tive bond populations, as would be expected for bonds w
significant covalent character. Their values are shown
Tables I and III. The greatest change between the monoc
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and the triclinic structures is the large reduction in the bo
population in the Si-O bond that was presumed broken
transformation of the SiO6 octahedra to the SiO5 pentahedra
~see Fig. 1!. In the latter, it is only 10% of the value of th
bonded interaction within either the octahedra of the mo
clinic phase, or the remaining Si-O bonds in the triclin
phase. The population in the broken bond is only a few tim
larger than that of the two extra positive Si-O bonding int
actions in the octahedra, which were considered as show
the level of noise. By contrast, other bonds can be see
increase in strength at the transition, such as that on the o
side of the ‘‘bridging’’ tetrahedron to a full octahedron.

The changes in bond population are similar to those fo
in a TiO5 structure found in a grain boundary in rutile,25 in
which an alternation of the bond order is found along Ti
bonds near the five-coordinated Ti. In CaSi2O5 , a similar
effect may be observed in the bond population on prog
sion around the ring shown in Fig. 2. The large populat
decrease in the ‘‘lost’’ SiVI/V-O bond~denoted@5# . . . O-tet in
Fig. 2! is accompanied by increases in the other bonds t
from this Si, especially to the diametrically opposite oxyg
~@5#-O-tet! and, to a lesser extent, in the other bond in

TABLE I. Structural parameters of monoclinic phase compa
with x-ray diffraction data of Angelet al. ~Ref. 9! and bond popu-
lations from Mulliken analysis for Si-O within polyhedra.

Expt. Calc.

a ~Å! 6.543 6.415 (22.0%)
b ~Å! 8.392 8.459 (10.8%)
c ~Å! 6.342 6.568 (13.5%)
b (°) 113.2 113.4
Volume ~Å3) 320.1 327.1 ~12.2%!

Tetrahedra Population

Si-O-oct 1.629 1.621 1.05
Si-O-oct 1.631 1.627 0.98

Octahedra Population

Si-O-oct 1.709 1.710 0.89
Si-O-tet 1.825 1.823 0.61
Si-O-tet 1.862 1.889 0.58

TABLE II. Cell parameters of triclinic phase compared wi
x-ray-diffraction data~Ref. 9! and equivalents in a doubled cell o
the monoclinic phase.

Triclinic Monoclinic
Expt. Calc. Expt. Calc.

a ~Å! 9.206 9.215 9.317 9.383
b ~Å! 7.550 7.623 7.358 7.388
c ~Å! 9.288 9.393 9.317 9.383
a (°) 80.41 81.55 77.2 77.5
b (°) 125.6 125.4 126.5 126.4
g (°) 135.6 134.9 137.3 137.0
Volume ~Å3) 329.9 339.5 320.1 327.1
d
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ring ~@5#-O-bridge!. This reduces the impact on the tot
bond population of the SiVI/V. Around the ‘‘dangling’’ oxy-
gen, the loss of one bond is partially compensated by po
lation increase in the other bond, to the SiIV in the ring~tet-
O...@5#!. This in turn affects the total bond population of th
SiIV, but the next SiIV-O bond~tet-O-@5#! remains relatively
constant; the SiIV-O bonds outside the ring~to octahedra!
decrease in population. Charge transfer is thus obse
around this ring, and the net effects on the Mulliken charg
are described in the next section.

The Si-O bond populations are compared in Fig. 3
those calculated obtained with a widely used empiri
scheme relating observed bond lengths to bond stren
through an exponential decay.27,28 Although the absolute
value of the bond population in Mulliken analysis is strong
dependent on the exact set of atomic orbitals chosen21 it can
be seen that including the Sid orbitals gives values which
are closely clustered around the empirical values over
range of bond lengths for which the empirical relationsh
was derived. The empirical relationship is therefore with
the mutual uncertainties of measurements and calculati
verified by this simulation. Note that inclusion of the six

d TABLE III. Bond lengths and populations in triclinic CaSi2O5

compared with bond lengths in the monoclinic phase.

Triclinic Monoclinic
Expt. Calc. Population Expt. Calc.

Tetrahedron

Si-O-oct 1.614 1.604 1.08 1.629 1.621
Si-O-@5# 1.639 1.637 0.90 1.629 1.621
Si-O-oct 1.636 1.628 1.01 1.631 1.627
Si-O-@5# 1.631 1.623 0.98 1.631 1.627

Bridging tetrahedron

Si-O-oct 1.626 1.619 0.99 1.631 1.627
Si-O-oct 1.640 1.630 0.92 1.631 1.627
Si-O-oct 1.639 1.630 0.96 1.629 1.621
Si-O- 1.588 1.582 1.24 1.629 1.621

Octahedra

Si-O-@5# 1.740 1.750 0.80 1.709 1.710
Si-O-tet 1.791 1.774 0.65 1.825 1.823
Si-O-tet 1.845 1.861 0.61 1.862 1.889

Si-O-@5# 1.756 1.771 0.78 1.709 1.710
Si-O-tet 1.855 1.877 0.57 1.825 1.823
Si-O-tet 1.787 1.775 0.68 1.862 1.889

Pentahedra

Si-O-oct 1.670 1.662 0.97 1.709 1.710
Si-O-oct 1.681 1.681 0.96 1.709 1.710
Si-O-tet 1.697 1.676 0.79 1.862 1.889
Si-O-tet 1.782 1.776 0.68 1.825 1.823
Si-O-tet 1.825 1.834 0.60 1.825 1.823
Si . . . O 2.831 3.048 0.05 1.862 1.889
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Si-O distance from the SiO5 group results in a slower deca
of the exponential relationship, with an exponent of 2.
compared to 2.70.

No positive bond populations were found between any
and O, but small negative values were found, indicat

FIG. 1. Structures of~a! monoclinic and~b! triclinic CaSi2O5 ,
showing that a sixth oxygen has moved out of a SiO6 octahedron to
leave five-coordinated silicon.

FIG. 2. Changes in bond population between the two phases
selected Si-O bonds around the ‘‘lost’’ bond, and the structure fr
ment considered as a ring containing two tetrahedra and twof
fivefold, or sixfold coordinated silicons.
a
g

weak antibonding character. Purely Coulomb attraction
not, of course, included in these bond populations, but w
also be present. The strength of the antibonding between
dangling oxygen and the two nearest Ca is comparable to
level of the ‘‘lost’’ Si-O bond in the triclinic phase. In the
monoclinic phase there is a Ca-O antibond with populat
20.046ueu, but in the triclinic phase this become
20.061ueu and another Ca-O has population20.048ueu. All
other bond populations between this oxygen and other
ions are weaker than20.01ueu.

C. Mulliken charges

The Mulliken charges associated with all atoms are a
calculated. The absolute value of each charge is ag
strongly dependent on the basis orbitals used, but cha
transfer during the transition may be reliably studied,
shown in Fig. 4. The charges on the oxygen atoms wh
lose a bond change by20.22ueu, while the charges on al
other oxygens change by less than 0.05ueu. The charge in-
crease on the silicon atoms is spread over not only
VSi (0.05ueu) but also the Si in the adjoining tetrahed
(0.07ueu) and octahedra (0.08ueu). The Si in the bridging
tetrahedron gains 0.06ueu electrons, and so decreases
charge.

The variation between charges on nonequivalent Si an
is greater in the triclinic phase than in the monoclinic pha
~standard deviation 0.049 compared to 0.033 for Si, a
0.070 compared to 0.035 for O!, which is contrary to the
expectation that more stable phases have more unif
charge distributions.10

IV. TRANSITION PATHWAY BETWEEN PHASES

The calculated energies of these phases are shown in
5. The energy curve suggests that there is an energy ba

or
-

d,

FIG. 3. Variation of bond valence~population! against
bondlength for the Mulliken calculations in monoclinic and triclin
phases and the empirical formula of Brese and O’Keefe~Ref. 28!.
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PRB 59 9153CHANGE FROM SIXFOLD TO FIVEFOLD . . .
of 0.02 eV per formula unit (1.9 kJ mol21) for the transition
from the monoclinic to triclinic phase, but of course th
represents an upper bound to the effective energy barrie
T50 K. However, relaxation of the structure having 70
monoclinic parameters recovered the triclinic phase, whe
relaxation of the 80% monoclinic structure gave the mo
clinic phase, indicating the lack of a pathway of monoto
cally decreasing energy from the latter structure to the
clinic phase. The monoclinic phase was stable un
structural relaxation even in a unit cell commensurate w
the triclinic phase, which in itself indicates that the mon
clinic phase occupies a local minimum in configuation spa
and is therefore metastable at zero pressure. This is co
tent with the hysteresis observed experimentally: on dec
pression some experiments retain the monoclinic~high-
pressure! phase even at ambient pressure, which m
therefore be metastable.

This investigation does not address the pressure de
dence of the transition beyond the effect of the volume d
ference between the phases. Further calculations at a ran
pressures could be performed, but the errors in the calcul
volumes suggest that they would only demonstrate qua
tive effects of pressure rather than promising an impro
quantitative description.

FIG. 4. Charge in the triclinic phase relative to that in the mon
clinic phase, calculated using Mulliken analysis.
at
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V. CONCLUSIONS

Our calculations show that fivefold coordinated silico
can exist stably in CaSi2O5 , although experimentally it has
only been observed as a quench product.

The mechanism of transformation from SiO6 to SiO5 is a
first-order jump, as shown experimentally in the hyseresis
the transition behavior as a function of pressure, as migh
expected for a transformation involving bond breaking. W
find no evidence for intermediate structural states betw
the two phases studied here, and a small energy barrier~up to
0.02 eV per formula unit! between SiO5 and SiO6 , at least in
CaSi2O5 .

We therefore conclude that it is likely that there is a sm
energy barrier in diffusional processes in silicate melts
high pressures in which diffusion and flow proceed by int
conversion of SiO5 and SiO6 groups. Furthermore, these re
sults show that a locally stableVSi state may reasonably b
expected in the transformation ofIVSi structures toVISi sili-
cates, which are important geophysically when consider
the behavior of the Earth’s mantle. However, changes
pressure were not investigated, and further investigati
would be needed to confirm the actual path via which
transition occurs. The study of further phases contain
SiO5 groups should also cast further light onto such mec
nisms.
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